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Abstract. In this paper, we propose a novel diffeomorphic registration
method for respiratory motion correction, taking the sliding motion of
organs into account. Modelling sliding conditions in image registration
has recently gained a strong interest in the medical imaging commu-
nity. It allows to estimate physiologically realistic deformations at the
boundaries of organs like the lungs. This potentially leads to a more ac-
curate registration within the organs. An issue with these algorithms is
that they either estimate organ motion within regions of interest only,
or they do not ensure the invertibility of the deformations. We propose a
strategy to incorporate sliding motion modelling into a piecewise diffeo-
morphic image registration algorithm inspired by the LogDemons algo-
rithm. Encoding the deformations in velocity fields instead of standard
displacement fields ensures the invertibility of the deformations, even at
the boundaries where the sliding motion is modelled. We show that our
methodology is computationally tractable for serial 3D CT images of the
lungs and that it estimates more plausible deformations than by using
LDDMM diffeomorphic registration without sliding conditions.

1 Introduction

Sliding motion naturally occurs between the lungs and surrounding structures.
This is emphasised in figure 1, where we show the displacement of a vessel within
the lungs relative to two ribs. The main efforts to-date in correcting for respi-
ratory motion in lung imaging, as reviewed in [14], use registration based on
B-splines [7, 8], thin-plate splines [4, 5], hybrid feature- and intensity-based reg-
istration [15] or optical flow or diffusion (demons) type methods [18]. However,
none of these methods is able to model non-smooth, discontinuous sliding motion
due to organ slippage adequately. For this reason, these methods only register
the lungs extracted from the background. A recent approach to biomechanical
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patient-specific respiratory motion modelling is described in [17]. It is however
computationally too complex to be used for automated image registration tasks.
Recently, [10–12, 19] introduced approaches for direction-dependent regularisa-
tion in diffusion-based registration frameworks. Though promising, these meth-
ods cannot ensure the invertibiliy of the deformations as the motion is encoded
in the displacement fields. Note that an overview state-of-the art techniques for
lungs registration is published in [9]

Due to the large amount of respiratory motion, preserving the topology of
the deformations can be challenging in pulmonary image registration. To tackle
this issue, we propose a novel piecewise diffeomorphic registration algorithm for
respiratory motion correction which takes the sliding motion of organs into ac-
count. A property of diffeomorphic registration is to mathematically ensures the
invertibility and smoothness of the deformations. By using piecewise diffeomor-
phic registration, we mathematically ensure the invertibility of the deformations
in the whole domain. We however allow non-smooth deformations in surfaces
representing some organ boundaries. In this context, we perform piecewise dif-
feomorphic registration by simultaneously taking into account the sliding motion
along the lung surface and compensating for deformations occurring within the
lungs due to expansion or compression.

× ×

Baseline image Follow-up image

Fig. 1. Illustration of the sliding motion at the lung boundary. The motion of
the vessel designated by the red cross and the ribs (1) and (2) show the sliding
motion at the lung boundary.

In order to ensure the invertibility of the deformations, we extend the diffeo-
morphic formalism of the Log-Demons algorithm [6,16]. We modify the smooth-
ing step of the Log-Demons registration algorithm. Inspired by [10, 12], we sep-
arate the contributions of the update velocity fields which are normal and tan-
gent to the surface boundaries, respectively. We then smooth independently the
normal contribution in the whole image and the tangent contributions in each
region. The regularised update velocity field is then the sum of the smoothed
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normal and tangent contributions. The use of a diffeomorphic formalism implies
that the source image is deformed during a finite amount of time t ∈ [0, 1] by a
velocity field to match the target image. Importantly, the boundaries at which
the sliding motion is modelled also move during the time t ∈ [0, 1]. As a result,
the velocity field is regularized as a function boundaries which depend on time.
The diffeomorphism is then necessarily encoded by a time-dependent velocity
field, and not a stationary one like in [6, 16]. Details of the algorithm are de-
scribed in the next section.

2 Diffeomorphic image registration with sliding
conditions

2.1 Notations

Let IS be a source image defined on the spatial domain Ω ⊂ R
n and registered

on the target image IT through the diffeomorphic transformation φv
t , t ∈ [0, 1].

We construct φv
t using a time-dependent velocity field vt and ∂

∂t
φv
t = vt(φt),

where φ0 is the identity transformation. The deformed source and the target im-
ages at time t are then IS ◦ (φv

t )−1 and IT ◦φv
1 ◦ (φv

t )−1, respectively. For clarity,
we denote JS

t and JT
t as these images. Let M ∈ Ω be a mask which encodes the

labels of different structures in IS between which sliding conditions are consid-
ered. We assume a combination of diffusion and fluid spatial regularisation. The
regularisation is then obtained by smoothing vector fields, into the velocity field
vt or the update velocity field, denoted by δvt, using Gaussian kernels. We de-
note these Gaussian kernels by Gσd

and Gσf
, where σd and σf are the standard

deviation of the Gaussian kernel for the diffusion and the fluid regularisation,
respectively. It is important to note that in the case of diffeomorphic registra-
tion, the sliding conditions cannot only be considered at the region boundaries
of M since they move with the diffeomorphism φv

t . When smoothing δvt or vt

for t �= 0, the sliding conditions can be modelled at the regions boundaries in
Mt = M ◦ (φv

t )−1. Finally, let Ωk
t , k ∈ [1, · · · , K] be the K regions defined by

Mt, and ∂Ωk
t denote their boundaries.

2.2 Diffeomorphic Registration Algorithm

In order to embed sliding conditions in a diffeomorphic registration setting, we
develop an extension of the LogDemons algorithm which makes use of time-
dependent velocity fields, instead of stationary ones like in [16]. This extension
requires more computational resources than [16] but allows the proper treatment
of the sliding motion, as previously explained. In [16] and here, the optimal
velocity field ṽ is obtained by minimising ṽ = arg minv E (v,vc), where the
energy E is defined as:

E (v,vc) =
1
λ2

i

||JT
1 − JS

1 ||2L2 +
1
λ2

x

∫ 1

0

||vt − vc
t ||2L2dt +

1
λ2

d

∫ 1

0

||∇vt||2L2dt (1)
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In Eq. 1, vc encodes an intermediate diffeomorphism φvc

t (so-called correspon-
dence), which is matching the two images without considering the regularity of
the transformation. Discussions about setting appropriate weights λi, λx, λd are
developed in [6]. In practice, the optimal velocity field ṽ is obtained by com-
puting v and vc alternatingly: First, an update velocity field δvt is estimated
and used to compute the time-dependent velocity field vc

t . By referring to the
so-called Thirion forces, the update δvt is defined as:

δvt(x) = − JS
t − JT

t

||G(x)||2 + λ2
i /λ2

x

G(x) (2)

where G(x) = ∇JS
t (x) is the gradient of the deformed source image intensities,

λi = JS
t − JT

t , and λx controls the maximum update length per iteration. Prior
to the composition, δv may be smoothed (fluid like regularisation). Then vt

is updated to from a smoothed velocity field vc
t (diffusion like regularisation).

Contrary to [16], we solve this problem using time-dependent velocity field and
we incorporate sliding conditions in the smoothing steps. The algorithm may be
described as follows:

1: vt = 0, ∀t ∈ [0, 1].
2: φv

t = Id, ∀t ∈ [0, 1].
3: while not convergence do
4: Compute the update velocity field δvt using Eq. 2, ∀t ∈ [0, 1].
5: Smooth δvt, ∀t ∈ [0, 1] (fluid regularisation).
6: Compute the correspondence velocity: vc

t = vt + δvt, ∀t ∈ [0, 1].
7: Smooth vc

t , ∀t ∈ [0, 1] (diffusion regularisation).
8: Set vt as equal to vc

t , ∀t ∈ [0, 1].
9: Compute φv using v

10: end while

While our extension of [16] presents similarities with the LDDMM registra-
tion algorithm of [3] and the popular method of [2], the key difference is the for-
mulation for estimating the updates, leading to different estimation estimates.
In particular, our proposed registration algorithm is not designed to estimate
geodesics between the registered images, like in [3]. The deformations we esti-
mate cannot therefore be represented using initial momenta. Another difference
with both [2, 3] is that in addition to performing fluid regularisation, the dif-
fusion regularisation allows to interpolate the deformations in regions with low
intensities gradients, and not only at the observed structures boundaries. This
property can be of great interest in image registration in general, especially com-
pared with [3], which relates the amplitude of the smoothing kernel to the size
of the structures and not the image, and therefore prohibits the use of standard
multi-resolution strategies. Finally, the link between Eq. 1 and our algorithm is
still not entirely clear. We however ensure the estimation of piecewise diffeomor-
phic transformations and show the usability of our strategy on real 3D images
in section 3.
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2.3 Nearest region boundary estimation

When registering two images with sliding conditions at organs boundaries, we
aim to register the organ boundaries, while simultaneously smoothing the defor-
mations within each organ independently. When regularising the velocity field
δvt, we therefore need to isolate the contributions of δvt which are normal and
tangent to the region boundaries, in order to smooth them separately. This re-
quires the estimation of the vector map B(x) = xx̃, where x̃ is the closest point
to x on ∂Ωk

t according to an Euclidian distance metric.
Our strategy to estimate B is based on the fact that the region labels are

encoded by integer values in the mask M and that trilinear interpolation is
performed to estimate the grey levels of Mt. Hence, a region boundary in Mt

may not necessarily be defined as the coordinate between two voxels of different
integer intensities. If the point x of Mt has a non-integer value, the gradient
g(x) = ∇Mt(x) is estimated at a sub-voxel accuracy. The different integer in-
tensities l1 and l2 which are obtained on Mt(x + τg(x)), for the smallest val-
ues of τ ∈ R, are considered as the labels of the regions surrounding x. We
then define the distance between x and the boundary ∂Ωk

t as the value of τ
for which Mt(x + τg(x)) = (l1 + l2)/2. After estimation of the values of B in
the 6-neighbourhood of ∂Ωk

t , the information about the closest boundaries is
iteratively propagated in Ω.

2.4 Fluid-like spatial regularisation with sliding conditions

After estimating the vector map B, which points to the nearest points of the
boundaries ∂Ωk

t from each point in the domain Ω, we perform the fluid-like
spatial regularisation as follows:

1. For each point x in Ω and not on a boundary ∂Ωk
t , we decompose δvt(x) into

its normal and tangent components to the nearest boundary, respectively
denoted by δvN

t (x) and δvT
t (x). The normal component is computed as

δvN
t (x) = (B̂(x) · δvt(x))B̂(x), where B̂(x) = B(x)/||B(x)|| and (A · B) is

the scalar product between the vectors A and B. The tangent component is
δvT

t (x) = δvt(x) − δvN
t (x).

2. The vector field δvN
t is homogeneously smoothed in Ω using isotropic diffu-

sion.
3. Independently in each region Ωk

t , we smooth the values of δvN
t using homoge-

neous isotropic diffusion and by considering Neumann boundary conditions
at the domain boundaries. More specifically, we impose null derivatives at
each region boundary.

4. After smoothing the different components of δvt, this velocity field is recom-
posed as δvt(x) = δvN

t (x) + δvT
t (x), ∀x.

At each point, the contributions of the deformations tangent to the region
surface, which are related to the sliding motion, are therefore only regularised
within the considered regions. The normal contributions, which not only partic-
ipate in the displacement of the structures within the regions, but also in the
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Fig. 2. Smoothing of the update vector field δvt(x) to perform fluid-like reg-
ularisation. The red line represents the boundary at which the discontinuity is
modelled.

displacement of the structures boundaries, are smoothed in the whole image.
This strategy is illustrated in figure 2.

2.5 Diffusion-like spatial regularisation with sliding conditions

In our methodology, we only smooth the forces at the boundaries ∂Ωk
t in the

fluid-like regularisation step. The only purpose of the fluid-like regularisation
is to diffuse the deformations in the regions of Ω having low intensity gradi-
ents. Homogeneous, isotropic diffusion of the vector fields vt is then performed
independently in the different regions Ωk

t . Unlike the von Neumann boundary
conditions used for the fluid-like regularisation, we use here Dirichlet bound-
ary conditions. Our aim is to preserve the deformations estimated at the region
boundaries, hence no smoothing is performed at the regions boundaries.

3 Evaluation

In our tests, we compare the proposed piecewise diffeomorphic algorithm with
the LDDMM registration algorithm of [3] on a pair of phantom images and real
3D pulmonary CT images:

– The phantom dataset was generated using the 4D NURBS-based Cardiac-
Torso (NCAT phantom) toolkit developed by [13]. The 4D NCAT phantom
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is a realistic and flexible simulation tool for generating CT volumes and
modelling cardiac and respiratory motion. Two images of 96×96×96 voxels
representing the lungs at the end of expiration and at the end of inhalation
were generated.

– The 3D CT image pair is the 8th data set of the MICCAI EMPIRE 2010
challenge [1, 9]. This challenge proposes an amount of 30 lungs image pairs
to register and uses an advanced protocol to evaluate the quality of the reg-
istration. Here, we only assess the usability of our registration algorithm and
discuss key differences observed when considering or not sliding conditions.
Among the 30 data sets, we use the 8th one as it has a large field of view
around the lungs and it requires relatively large deformations. The target
(fixed) image was resampled at half resolution (1.5 × 1.5 × 1.4mm) and the
source (moving) image was not resampled (0.75×0.75×0.7mm). All compu-
tations were performed in the target image space (219 × 157 × 196 voxels).
A rigid alignment of the images was first performed. At each iteration of the
non-rigid registration algorithm, the source and target images are compared
by composing the rigid and non-rigid deformations, so the source image is
only resampled one time.

Sliding motion of the lungs against the chest wall takes place across the pleura
during breathing. The pleural cavity is a body cavity that surrounds the lungs
and allows the pleurae to slide effortlessly against each other during ventilation.
Since the pleura surrounds the lungs the sliding motion does not take place,
exactly at the lung surface but at a distance of one to two pixels away from the
boundary. It is important to take this mechanical behaviour into consideration
as it forms an essential part of the physiological breathing motion of the lungs.
Figures 3 and 4 respectively illustrate the matchings and the displacement fields
obtained on the NCAT dataset. Figures 5 and 6 also illustrate the matchings and
the displacement fields obtained on the patient 08 of the EMPIRE challenge.
Note that, contrary to the displacement fields of Fig. 6 (d-e), those of Fig. 6
(b-c) incorporate the rigid alignment between the images. In Fig. 6 (b-c), the
regions in blue represent a large displacements while those in red represent small
displacements. Table 1 gives quantitative results.

As shown in Figures 3 and 5 the matching quality is equivalently improved
using non-rigid registration with or without sliding conditions compared to a
rigid registration. After rigid registration the lungs overlap is about 90% in the
NCAT and EMPIRE data sets. This overlap is more than 98% after non-rigid
registration. This is also quantified, in table 1, where the sum of squared differ-
ence between IT and IS ◦ Φ is equivalently lower using LDDMM and piecewise
diffeomorphic registration than using rigid registration. The mutual information,
where a lower value represents a better matching, shows the same trend.

Figures 4 and 6 however show that modelling sliding conditions allows to
estimate more realistic deformations than by using a homogeneous regularisa-
tion like in the LDDMM algorithm. Due to the lack of significant features in
some parts of the images, the similarity term of the minimised energy can’t
have enough weight compared to the regularisation term in order to estimate
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IT IS IS ◦ ΦLDDMM IS ◦ Φdisc

Fig. 3. Registration of the NCAT images using LDDMM and the proposed piece-
wise diffeomorphic registration algorithm (disc). The isolines represent the lung
and bone boundaries in IT .

Fig. 4. Deformations estimated on the NCAT data. (a): Coronal view of the 3D
source image (b) and (c): Amplitude of the deformations. (d) and (e): 2D
projection of the displacement field in a ROI. The black curves represent the
lung boundaries and the red ones the location of the discontinuities. (b) and
(d): LDDMM. (c) and (e): Piecewise diffeomorphic registration.

of natural deformations. Modelling explicitly the sliding motion in the spatial
regularisation appears as mandatory in this case (see Figure 5).
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IT IS ◦ ΦLDDMM IS ◦ Φdisc

LDDMM Piecewise diffeomorphic reg. (disc)

Fig. 5. (Top) ROI in the target image and the deformed source image after
LDDMM and disc. Arrows clearly show a better vessel alignment using disc.
(Bottom) Grids deformed by the transformations estimated using LDDMM
and disc showing the sliding motion at the lung surface.

Table 1 shows that with or without sliding motion, the average determinant
of Jacobians is 1 ± 3% in the bones, which is physiologically plausible since the
bones are not subject to compression or expansion. The corresponding standard
deviations are however lower when the sliding motion is modelled. This motion
is therefore more plausible, as also shown in the deformed grids of Figure 5.
Note that in the discontinuities look slightly fuzzy do to the fact that the images
were registered at a half resolution/ It is interesting to note that, for a similar
matching quality, less deformations are required to register the whole images
using the sliding motion. This is quantified by lower standard deviations of the
determinant of Jacobians in the whole images, and also visible in the top row of
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Fig. 6. Deformations estimated on the patient 08 of the EMPIRE dataset. (a):
Slice of the 3D source image (b) and (c): Amplitude of the deformations. (d)
and (e): 2D projection of the displacement field in a ROI. The black curves
represent the lung boundaries and blue one the location of the discontinuities.
(b) and (d): LDDMM. (c) and (e): Piecewise diffeomorphic registration.

figure 4 which presents a larger magnitude in (b). Another important result is
shown in the first row of figure 5: The motion of some vessels within the lungs
is only correctly estimated by taking into account a sliding motion between the
lungs and surrounding structures. Note that the matching of these vessels could
be even further improved with less spatial regularisation. This however would
generate non-plausible deformations with little interpolation between the struc-
tures observed in the images. We finally estimated the deformations invertibility
by measuring the number of voxels with negative determinant of the Jacobians.
No negative Jacobians were computed using by LDDMM and piecewise diffeo-
morphic registration. Most of them are localised at the region boundaries, where
the sliding motion is modelled, and are close to zero.
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Table 1. Quality of the rigid, LDDMM and piecewise diffeomorphic registration
(disc) in the NCAT images and the patient 08 of the EMPIRE dataset. (From
left to right) Sum of square differences (SSD) and mutual information between
the registered images. Standard deviation of the determinant of Jacobian (J)
in the whole deformation (total), and average and standard deviation of the
determinant of Jacobian within the bones (bones).

SSD MI std(|J |) total av(|J |) bones std(|J |) bones

NCAT
Rigid 0.17 -0.73 0 1 0

LDDMM 0.072 -1.16 0.45 1.018 0.34
disc 0.077 -1.15 0.30 1.027 0.18

Pat. 08
Rigid 0.037 -0.51 0 1 0

LDDMM 0.018 -0.83 0.36 0.993 0.17
disc 0.018 -0.81 0.28 0.997 0.12

4 Conclusion

We have presented a novel diffeomorphic registration method which addresses
the problem of sliding conditions and boundary displacements at which these
conditions are estimated. The use of a registration algorithm in which the defor-
mations are embedded in a time-dependent velocity field allows to model large
deformations with locally strong discontinuities, while mathematically preserv-
ing the invertibility of the deformations. In practice, a negligible amount of
negative Jacobians is observed in the deformation but their value is close to
zero. Importantly, the sliding conditions gave us the opportunity to realistically
model the physiological motion at the lung boundary, leading to potentially
more accurate registration within the lungs. This is particularly true in regions
where the images present few features and an advanced model is required to
regularise the deformations. Future work will deal with further developments
of the mathematical justification of the proposed model. In particular, linking
the regularisation strategy and the minimised energy would be of high interest
from a theoretical point of view. Further tests of our method on the MICCAI’10
Empire dataset will also be performed. We expect that the proposed strategy
should also be helpful for a wider range of applications, where sliding conditions
are needed, like in the heart or the liver for instance.
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